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CN| ■ Abstract 

. In the given article, we discuss the problem of the classification of general C*- 

algebras. There arises a question: whether can we generalize the definition of the 
notion of von Neumann algebra of type I so that we can apply this generalized 
definition to all C*-algebras? In the given article there was given an affirmative 
answer for this question. Namely, it was introduced a new notion of C*-algebra of 
von Neumann type I. 

It is proved that any GCR-algebra is a C*-algebra of von Neumann type I, and 
any C*-algebra is a NGCR-algebra if and only if this C*-algebra does not have a 
. nonzero abelian annihilator. 
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Also in the article there were proved that for a C*-algebra A there exist such 
unique C*-subalgebras A], Ajj, Ajjj that A] is a C*-algebra of von Neumann 
type I, there does not exist a nonzero abelian annihilator in the algebras Ajj and 
Am, the lattice Va xx °f annihilators of Ajj is locally modular, the lattice Vaxxx 
' of annihilators of Am is purely nonmodular. Moreover Aj © An © Am is a C*- 

subalgebra of A and the annihilator of Aj®Au®Aju is the set {0}, i.e. AnnA(AiQ) 
An © Am) = {0}. 

, In the final part of the article there were introduced notions of C*-algebra of type 

I n , C*-algebra of types II, Hi, 11^ and III. Then we have proven that: any simple 
, C*-algebra of von Neumann type I is a C*-algebra of type I„ for some cardinal 

number n, any C*-algebra of type Hi is finite, any simple purely infinite C*-algebra 
is of type III and any W*-factor of type II^ has a proper ideal J such that J 
is a simple C*-algebra of type Hqq. Finally it has been formulated a classification 
theorem for simple C* -algebras. 

, Introduction 

5— i ' In the theory of operator algebras the existence of projections in an algebra 

is important. It was developed a large theory using projections. In particular, it 
was investigated the problem of the classification of von Neumann algebras and 
AW*-algebras. A similar classification for general C*- algebras was not developed, 
because there does not exist necessary quantity of projections in these algebras. 
There exist the definitions of C*-algebras of type I and GCR-algebras introduced 
by Dixmier and Kaplansky. It is known that these definitions are equivalent (see 

IB)- 

In the given article, we discuss the classification problem of general C*-algebras. 
The situation around this problem is: there are notions of C*-algebras of type I, 
purely infinite C*-algebras, finite C*-algebras and properly infinite C*-algebras for 
general C*-algebras. But in many scientific papers all these notions are considered 
for simple C*-algebras. There is not a correspondence between C*-algebras of type 
I and von Neumann algebras of type I. Because, on the one hand, we can not apply 
the definition of von Neumann algebra of type I to C*-algebras. On the other hand 
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not any von Neumann algebra of type I is a C*-algebra of type I. There arises a 
question: whether can we generalize the definition of von Neumann algebra of type 
I so that we can apply this generalized definition to all C*-algebras? In the given 
article we give an affirmative answer for this question. 

The next problem concerns the notions of von Neumann algebra of type II and 
von Neumann algebra of type III. In the situation with the notions of "finite "infinite "properly 
infinite"and "purely infinite "C*-algebr as there exists some correspondence between 
C*-algebras and von Neumann algebras (in particular, these notions are discussed 
in [5]), that is in the case of von Neumann algebras the definitions of these notions 
are equivalent to the definitions of the same notions for von Neumann algebras. But 
there do not exist notions of algebra of type II and algebra of type III for general 
C*-algebras. In the given article we also discuss the generalization problem of the 
notions of von Neumann algebra of type II and von Neumann algebra of type III 
in the case of general C*-algebras. 

In this paper we offer a new definition of the notion of C*-algebra of type I. 
For this propose we consider the set V of all annihilators of the positive elements' 
subsets of the given C*-algebra. We proved that this set is a complete orthomodular 
lattice. In the article an annihilator which is a two sided ideal is called a central 
annihilator and an annihilator, which is a commutative C*-algebra is called abelian 
annihilator. Note that in the case of AW* -algebras and von Neumann algebras 
this set V coincides with the set of all projections of the given algebra. Also, note 
that in the case of general C*-algebras the set V can play the role of the set of 
all projections. For the elements of the set V we introduced, also, such notions as 
orthogonality of two elements, equivalence of two elements, abelian annihilator and 
locally modularity of the lattice V and so on. 

To generalize the notion of von Neumann algebra of type I we introduced a new 
notion of C*-algebra of von Neumann type I as follows: a C*-algebra A is called of 
von Neumann type I, if there exists such abelian annihilator V £ V that the largest 
lower bound c(V) of the set of all central annihilators, containing V , coincides with 
A, i.e. c(V) — A. It is proved that any C*-algebra of type I in terms of known 
definition is a C*-algebra of type I in terms of this new definition, that is it is 
proven that any GCR-algebra is a C*-algebra of von Neumann type I, and any C*- 
algebra is a NGCR-algebra if and only if this C*-algebra does not have a nonzero 
abelian annihilator. 

Also in this article the next statement have been proved: for any C*-algebra 
A there exist such unique C*-subalgebras A], Ajj, Ajjj of A that Aj is a C*- 
algebra of von Neumann type I, there does not exist a nonzero abelian annihilator 
in the algebras Ajj and Am, the lattice V^xx °f annihilators of Ajj is locally 
modular, the lattice Va X xx °f annihilators of Am is purely nonmodular. Moreover 
A] © An © Ajjj is a C*-subalgebra of A and the annihilator of Aj © An © Am is 
the set {0}, i.e. Ann A (Aj © Ajj © Am) = {0}. 

In the final part of the article there were introduced notions of C*-algebra of type 
I„, C*-algebra of types II, Hi, 11^ and III. Then we have proven that: any simple 
C*-algebra of von Neumann type I is a C*-algebra of type I„ for some cardinal 
number n, any C*-algebra of type Hi is finite, any simple purely infinite C*-algebra 
is of type III and any W*-factor of type IIoo has a proper ideal J such that J is a 
simple C*-algebra of type IIoo. 
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1. Annihilators of a C*-algebra 



Let A be a unital C*-algebra. Recall that A sa = {a £ A : a* = a} and A = 
A sa + iA sa , A sa n iA sa = {0}. Also Ann r (S) = {a e A : sa = Ofor alls e S}, 
Annas') = {a £ A : as = Ofor alls £ S} for S C A. 

Lemma 1. Lei A be a unital C* -algebra and a,b £ A. Then 

1) if a £ A + , & £ A sa then the next conditions are equivalent 

(a) ab + ba = 

(b) a6 = 

(c) ba = 0; 

2) if a £ A + , 6 £ A then a6 + ba = if and only if ab = ba = 0. 

Proof. 1) (a)=>(b),(c): We have a6 = —ba and a6a = —ba 2 , —a?b = aba, that 
is a 2 6 = 6a 2 . Then the elements a 2 and 6 commute. There exists a maximal 
commutative C*-subalgebra A Q , containing the elements a 2 , b. Then since a = Va 2 
we have a £ A a . Hence ab = ba and 2ab = 0, that is ab = ba = 0. 

(b)=>(a), (c): Now suppose that ab = 0. Then ba — (ab)* = and ba = 0. Hence 
ab + ba = 0. The implication (c)=>(a) is also obvious. 

2) Let b = x + iy, x, y £ ^4 sa . We have a6 + ba = ax + iay + xa + iya = and 
b*a + ab* = xa — iya + ax — iay = 0. Hence ab + ba + &*& + a6* = 2(a.T + xa) = 0, 
that is ax + xa = 0. Analogously ay + ya = 0. By item 1) of lemma 1 ax = xa = 
ay = ya = 0. Therefore ba = ab = 0. 

The converse of the statement 2) is obvious. > 

Let A be a C*-algebra, S C A. Let Ann(5) = AnnA(S') = {a £ A : as + sa = 
0, for alls £ S}. The set Ann(S) we will call annihilator of the set S. 

Let A be a unital C*-algebra and a, b be elements of the set A sa . Recall that, 
A + = {a £ A sa : there exists b £ A such that a = 66*}. By lemma 1 for any set 
S C A + we have Ann(S) = Ann r (5) n Ann; (5). 

Let A be a C*-algebra of bounded linear operators on a Hilbert space H . Then 
the weak closure in the algebra B(H) of the set B C A we denote by w(B). Let 
d V = {a £ A : .xay + yax = 0, for any x, y e V} for an arbitrary subset V C A. 
We will set an analog of decomposition on projections using annihilators for C*- 
algebras. First we prove the next useful lemma. 

Lemma 2. Let A be a C -algebra. Then for any subset S C A + the sets Ann(S), 
Ann(Ann(S)) are C -subalgebras and xAx C Ann(S), yAy C Ann(Ann(S')) /or 
any elements x £ Ann(5), y £ Ann(Ann(5)). T/ie sei d (Ann(Ann(5)))n d (Ann(S')) 
is a Banach space. 

Proof. We prove that Arm(S) is a C*-algebra. Let a, 6 £ Ann(5). Then by 
lemma 1 s(a6) + (a6)s = (sa)b + a(bs) = for any s £ S. Hence a6 £ Ann(S). Since 
the elements a and 6 are chosen arbitrarily then the set Ann(S) is an associative 
algebra. Also by separately continuity of the associative multiplication on the norm 
Ann(S) is a Banach algebra. Note that all conditions of the definition of C*-algebra 
hold for the algebra Ann(S). Hence Ann(S) is a C*-algebra. 

By the previous part of the proof we have Ann(S) = Ann(S)+ + Ann(S)+. 
It is obvious that Ann(Ann(S)) C Ann(Ann(S) + ). Let a £ Ann(Ann(S) + ). In 
this case, if s £ Ann(S) sa , then s = x + iy, x, y £ Ann(S)+ and ax + xa = 
ay + ya = 0. Hence as + sa = 0. Therefore a £ Ann(Ann(5) sa ). So Ann(Ann(5 1 )) = 
An^An^S 1 ^). Consequently, Ann(Ann(S)) is a C*-algebra. 
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It is clear that the sets d {Ann(Ann(S))) and d (Ann{S)) are linear space. By the 
separately continuity of the associative multiplication on the norm they are Banach 
spaces. Then d {Ann{Ann{S))) C\ d (Ann(S)) is also a Banach space. 

By lemma 1 and associativity of the multiplication of the algebra A xAx C 
Ann(S), yAy C Ann(Ann(S)) for any elements x G Ann(S). y G Ann(Ann(Sj). t> 

Lemma 3. Let A be a C* -algebra of bounded linear operators on a Hilbert space 
H , w{A) be the weak closure of the algebra A in the algebra B(H) of all bounded 
linear operators in H . Then for any subset 5 C A + the next conditions hold: 

(a) There exist projections f, e in w(A) such that 

• w(Ann(Ann(S))) = ew(A)e, w(Ann(S)) = fw(A)f and 
w( d (Ann(Ann(S))) n d (Ann(S))) = ew(A)f + fw{A)e, 

• Ann(S) = fw(A) f n A, Ann(Ann(S)) = ew(A)e n A and 
d (Ann(Ann(S))) C\ d (Ann(S)) = [ew(A)f © fw{A)e] n A; 

(b) 

Ann[Ann(Ann(S)) © [ d (Ann(Ann(S)) C\ d (Ann(S))} Ann(S)} = {0}. 

Proof, (a) Since Ann(S) is a C*-algebra (lemma 2) there exists an approximative 
units (u\) in Ann(S) such that (VA)||wa|| < 1, (VA < n)u\ < and (Va G 
A )\\u\ o a — a || — > 0. We calculate supuA in w(A). By the definition of (u\) 
(V/x)||ua ° w M — u M || ^a 0. Then the net (ma ° Mju) weakly converges to at A — >• oo 
for any \i. At the same time, since (u\) weakly converges to the element sup«A (sup 
is took in w(A)), then the net (u\ ouj weakly converges to sudwa ° at A — > oo 
in fixed /i. Hence (V/x)supMA ° = u^. Therefore the net (sup-UA ° u^) weakly 
converges to supu M . Also the net (supuA o u^) weakly converges to supuA ° supu M . 
Hence supw^ = supuA supw M = [supu^] 2 . So, supu p is a projection in w(A). Let 
g := supu M . 

By the definition of (u\) the net {sou\) weakly converges to s for any s € Ann(S), 
and, at the same time (sou\) weakly converges to gos. Hence (Vs € Ann(S))gos = s. 
Let / = sup{r(s) : s G Ann(S)} (in w(A)). Then / < g. Note that Ann(S) C 
Uf(w( A)). Hence, (VA)/ o m a = wa- Therefore / o g = g and / > g. Consequently, 
f = 9- ' 

Now let a be an arbitrary element in Uf(w(A)). Then there exists a net (a a ) 
in A weakly converging to a. Note, then the net ({uxa a u^}) weakly converges 
to {u\aU[t} in fixed A and /x. It is easy to see, that ({u\au^}) weakly converges 
to Ufa, which belongs to Uf(w(A)). Since a € Uf(w(A)), then Ufa = a. Hence, 
since the set ({uxaaU^}) is a net in Ann(S) relative to indexes a, A and fi, then 
w(Ann(S)) = U f (w(A)). 

Now, take the set Ann(Ann(S)). We have by lemma 3 ^7171(^47171(5*)) is a C*- 
subalgebra of the C*-algebra A. Also there exists an approximative units (v\) in 
Ann(Ann(S)). Let g = supvA and e = sup{r(s) : s G Ann(Ann(S))} (in w(A)) 
Then the repeating of the above arguments give us that g is a projection in w(A) 
and e = g. 

The proof of the second part of item a): Note that r(a)r(b) — for any a e 
Ann(S) and b e Ann(Ann(S)) 7 where r(c) is the range projection of an element 
c e u)(A). Let e = sup{r(a) : a G ^7171(^47171(5*))}, / = sup{r(6) : b G Ann(S)}. By 
the definitions of the projections e, / we have ef = 0. 

Let Ann w (A){S) be the annihilator of the set 5 in the algebra w(A). Then there 
exists a projection p of w(A) such that Ann t0 ( J 4)(5) = pw(A)p. At the same time 
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we have Ann(S) C Ann w iA){S) and Ann(S) = Ann w <A){S) fl A. Then Ann(S') = 
pio(-A)pnA Hence / < p, Ann(S) = fw(A)fC\A and J 4nn( J 4nn(S')) = eto(-A)enA 
It can be straightforwardly prowed that d {Ann(Ann(S)))C\ d (Ann(S)) = [ew(A)f® 
fw(A)e] Pi A. Note that for any x e Am(S') and y € An^An^S 1 )) we have xAy + 
yAx C d (Ann(Ann(S))) n d (Ann(Sj). Hence Ann(S) ^ {0} and Am(Am(S)) 7^ 
{0} if d (Ann(Ann(S))) C\ d (Ann(S)) ^ {0}, but not only if, because may hold case 
when A = Ann(S) © Ann(Ann(S)). 

Item (b) follows by the equality Ann[Ann(Ann(S)) © Ann(S)] = {0}. > 

Corollary 4. Let A be a C* -algebra of bounded linear operators on a Hilbert 
space H, w{A) be the weak closure of the algebra A in the algebra B{H) of all 
bounded linear operators in H. Then for any subset S C A + if d (Ann(Ann(S))) C\ d 
(Ann(S)) = {0}, then the annihilators Ann(S), Ann(Ann(S)) are two sided ideals. 
In this case there exist central projections f, e in w(A) such that w(Ann(Ann(S))) = 
ew(A)e, w(Ann(S)) = fw(A)f. 

Proof. By lemma 3 there exist projections /, e in w(A) such that w(Ann(Ann(S))) = 
ew(A)e and w(Ann(S)) = fw(A)f. By the condition and weakly continuity of the 
multiplication we have w( d (Ann(Ann(S))) (~) d (Ann(S))) = {0}. Let p = e + f. 
Then 

pw(A)p = ew(A)e © fw(A)f, 
and e, / are central projections of the algebra pw(A)p. 

We assert that the map <f> : A — > pAp, defined as <f>(a) = pap, for all a e A, is a 
one-to-one correspondence between the space pAp and the algebra A. Indeed, let a, 
b be two elements of A. Suppose <p(a) — <f>(b), i.e. pap = pbp. Let x — a — b, C*(x) 
be a C*-algebra, generated by x. It is clear, that pC*(x)p — by the continuity of 
the associative multiplication. Let C*(x) = {y e C*(x) : y* — y} and C*(x) + = 
{y e C*{x) : y = zz*, for somez e C*(x)}. Then C*{x) = C*(x) sa + iC*(x) sa 
and C*(x) sa = C*(x) + — C*(x) + . We have pyp = for any y e C*(x) + . Hence 
py + yp = for any y € C*{x) + . Therefore y G Ann(Ann(S) © Ann(Ann(S))) . 
By the continuity of the associative multiplication py + yp = for any y € C* (x) 
and C*(x) C J 4nn(,4nn(S') © ,4nn( J 4nn(S'))). Since C*(x) C A and Ann(Ann(S) © 
Ann(y4.nn(5))) = {0}, then this is a contradiction if x 7^ 0. So, x = and a = b. 
Hence, since the elements a, b are chosen arbitrarily, then the map (f> : A — > pAp is 
a one-to-one correspondence. 

Now we prove that Ann(S) is a closed two sided ideal of A. Let s be an arbitrary 
element of Ann(S) and a be an arbitrary element of A. Then, let v be an arbitrary 
element of Ann(Ann(S)). Then since p, e, / are central projections of the algebra 
pw(A)p and psap € pw{A)p we have (psap)v = pesapv = e(psap)fv = ef(psap)v = 
0, v(psap) = vpesap = vfe(psap) = 0. Hence p(sav + vsa)p = psavp + pvsap = 
psapvp + pvpsap = psapv + vpsap = 0. Note that sav + vsa £ A. At the same 
time by the previous part of the proof for any a € A pap = if and only if a = 0. 
Hence sav + vsa = 0. Therefore since the element v is chosen arbitrarily, then sa G 
Ann(Ann(Ann(S))). But Ann(Ann(Ann(S))) = Ann(S). Hence sa g Ann(S). 
Hence, since the elements s, a are chosen arbitrarily, then Ann(S)A C Ann(S'). 
Analogously we have C J 4nn(S') and Ann(S) is a closed two sided ideal of 

A. Analogously we have Ann{Ann{S)) is also a closed two sided ideal of A. Then by 
weakly continuity of the multiplication we have w(Ann(S)) and w(Ann(Ann(S))) 
are closed two sided ideals of the algebra w(A). Hence the projections p, e and / 
are central projections of the algebra w(A). > 
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2. Lattice of annihilators of a C*-algebra 

Recall that a lattice L with zero 0, a unit 1 and an one parameter operation 
(orthocomplementation) ( • ) ± : L — » L is called ortholattice if L satisfies the next 
conditions 

(1) xAx ± = 0, xVx ± = l; 

(2) x ±J -:= (x^) 1 - = x; 

(3) {xVy) 1 - = x 1 - Ay- 1 , (iA|/) i = i i Vi/ 1 

An ortholattice L is called ortho-modular lattice, if in this lattice the orthomodular 
law holds: for any x,y <E L, x < y, follows y — x V (y A x^). 

Let x and y be elements of an ortholattice L. If x = (x A y) V (x A y ± ) then we 
say x commutes with y and write xCy. It is clear that xCy if a; < y. The relation 
C is not a symmetric relation. 

Recall that a lattice is said to be modular, if it follows from x, z e L x < z that 
for any y G L, x V (y A z) = (x V y) A z. 

A subset B of an orthomodular lattice L is called boolean subalgebra, if B is a 
boolean algebra with induced lattice operations and orthocomplement in the sense 
of boolean complement. Maximal elements of the set of all boolean subalgebras of 
L ordered by inclusion we call maximal boolean subalgebras of L. By Kuratovskiy- 
Zorn's lemma for any boolean subalgebra there exist a maximal boolean subalgebra 
containing this boolean subalgebra. But the next improved result holds. 

An orthomodular lattice is a boolean algebra if and only if any two elements of 
this lattice are compatible. 

The intersection of all maximal boolean subalgebras of an orthomodular lattice 
L is called center Z(L) of the orthomodular lattice L. It is clear that the center 
Z(L) consists of elements compatible with all elements of L. The center of an 
orthomodular lattice is a boolean subalgebra. 

An orthomodular lattice L is said to be order complete, if for every subset Mci 
there exists a least upper bound \J M :— sup(M) in L. Of course, in this case also 

there exists A M := inf(M) and /\ M = ( \J xeM ar 1 ) . 

The center Z(L) of a complete orthomodular lattice L is a complete boolean 
algebra. 

Let A be a C*-algebra. We introduce a set V of annihilators of A as 

V = {V (Z A: there exists such S C A + that V = Ann(Ann(S))} . 

Note that, since Ann(Ann(Ann(S))) = Ann(S), then 

V = {V C A : there exists such 5" C A + that V = Ann(S)}. 

For any two elements V, W of V , if V C W then we write V < W. So we define an 
order in V . 

Lemma 5. Let A be a C* -algebra, V be the set of annihilators, defined above. Then 
C^*)^) is a complete lattice. 

Proof. Let V, W e V . Then there exist such S, P C A that V = Ann(Ann(S)), 
W = Ann(Ann(P)). It is clear that V, W C 4m(Ann(PU S)). Let Z e V such 
that V C Z, W C Z. Then there exists such Q C that = 
Z. We note that Ann(Ann(Ann(Q))) C At the same time, 

Ann(Ann(Ann(S))) = Ann(S) and Ann(Ann(Ann(Q)) — Ann(Q). Hence, Ann(Q) C 
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Ann(S). Analogously, Ann(Q) C Ann(P). Hence by the definition of Ann Ann(Q) C 
Ann(P U S). Therefore Ann(Ann(P U S)) C Ann(Ann((Q)). Since Z is chosen 
arbitrarily then V V W = Ann(Ann(P U5)). 

Note that 4nn(,4nn(P) U Arm(S')) C V n W. Let Z e "P such that Z C V, 
Z C W. Then there exists such Q C A + that Ann(Ann(Q)) = Z. By the definition 
of 'Ann' we have that Ann(Ann(Q)) C U Ann(P)). Since Z is chosen 

arbitrarily then V" A W — Ann(Ann(P) U Ann(S)). 

Note, if S C A + then Ann( J 4nn(S') U 5) = {0}, 

sup{ Ann(S), Ann(Ann(S))} = sup{Ann(Ann(Ann(S))) , Ann(Ann(S))} = 
Ann(Ann(Ann(S) U S)) = A 
and Ann(S) A Ann( J 4nn(S')) C Ann(S) n 4rai(Ann(S)) = {0}, i.e. ^nn(S) A 
Arm(Arm(S)) = {0}. 

Hence, the set V equipped with the order C is a lattice. 

Let {Vi} be an arbitrary subset of V . Then there exist {Si} C A + such, that 
Ann(Ann(Si)) = V for all i. We have V, C Ann{Ann(\J t S l )) for any i. Let Z e 7> 
such that Vi C Z, for any i. Then there exists such Q C A + that j4nn(j4nn(<5)) = Z. 
We note that Ann(Ann(Ann(Q))) C j4rm(j4rm(j4rm(Si))) for any i. At the same 
time, Ann(Ann(Ann(Si))) = Ann(Si) and Ann(Ann(Ann(Q)) = Ann(Q). Hence, 
Ann(Q) C Arm(Si) for any i. Hence by the definition of Ann y4rm(Q) C Ann(UiSi). 
Therefore Ann(Ann(UiSi)) C y4.nn(Ann((Q)). Since Z is chosen arbitrarily then 
V 'j Vi = J 4nn( J 4nn(UiS'i)). Hence by the previous paragraph the lattice (V,<) is 
complete. > 

Lemma 6. Let A be a C* -algebra and X , Y e V . Then 

(a) X A Ann(A) = {0} ; X V Ann(A) = A; 

(b) Ann(Ann(X)) = X, and if X ^ A then Ann(X) ^ {0}; 

(c) Ann(X V Y) = Ann(X) A Ann(Y), 

Ann(X AY) = Ann(X) V Ann(Y). 

Proof, (a) Let S C A + and A = ^4nn(^4nn(S')). Then by the proof of lemma 
9 Ann(S) A = {0}. We have Ann(X) = Ann(Ann(Ann(S))) = 

Ann(S). Then Ann(X) A X = {0}. Analogously Ann(S) V Ann(Ann(S)) = A and 
Ann(X) V X = A. 

Item (b). Suppose that 1/4 and Arm(A) = {0}. Then Ann(Ann(X)) = A. 
But by the definition Ann(Ann(X)) = X. This is a contradiction. Hence Ann(X) ^ 
{0}. 

(c)Let Q Q A + and Y~ = Ann(Ann(Q)). By the proof of lemma 9 Ann(X\/Y) = 
Ann(Ann(Ann(S U Q))) = Ann(S UQ). At the same time Ann(A) A Ann(Y) = 
Ann(Ann(Ann(S))) A = Ann(S) A Arm(Q). We have Z C 

Arm(S') n Arm(Q) for any Z eV such that Z C Arm(S') and Z C Ann(Q). At the 
same time Ann(S)nAnn(Q) = Ann(SUQ). Hence Ann(S) AAnn(Q) = Ann(SUQ). 
Thus Arm(A) A Ann(Y) = Ann(S U Q) and Ann(A V V) = Ann(X) A Arrn(F). 

Analogously we have Ann(X AY) = Ann(X) V AnniY). > 

Example. Let <V be a compact, r^r be the topology of A\ We consider r^r- Let < 
be an order in tx, defined as: if V, W € tx and V QW then V < W. 

The ordered set (t x ,<) is a lattice. Indeed, 1 = X, = {0}, V V W = V U W, 
VAW = VnWforV,WeT X - 

The ordered set (tx,<) is a complete lattice. Indeed, let {Vi} C r^. Then Vi Vj = 
UiVi and A 2 V» = U{U G : for any i [/ C V^}. 



8 



Moreover, (tx, <) is a complete boolean algebra. Indeed, for arbitrary V,W G tx 
we have V = Vi V Z, W = Wi V Z, where Vi = V \ (V n W), Wi = W \ (V n W), 
Z = Vr\W and VuWuZstx. 

Let C C (A') be the complex commutative algebra of continuous functions on the 
compact X. Then the lattice Vc{x) of annihilators of the algebra C C (X) is a 
complete boolean algebra. Moreover, T > c c (x) is order isomorphic to the complete 
boolean algebra (tx, <), where the isomorphism is defined by the map 

®{X) = {x G X : f(x) ^ Ofor some function / G X}, X G V C c{xy 

Indeed, the set Uj = {x G X : f(x) ^ 0}, where / G X, is open in A\ Then the 
set [Ay = Uf e xUf is also open in A". We have §(X) = U X - Therefore $(X) is 
an open set in X. We have the set C($(X)) of all functions / G C C (X) such that 
{x G X : /(x) 7^ 0} C $(X) forms a commutative subalgebra of C C (X). Moreover 
C($(X)) € V C c {X ) and Arm(C($(A))) = Ann(X). Hence C($(A)) = X. Let 
y G ^c«(AT) and $(X) = $(F). Then C($(F)) = F. Since $(A) = $(F) then 
X = F. 

Let A be a C*-algebra. An annihilator V G "P is called central, if 

d (Arm(Ann(S))) n d (Ann(S)) - 0, 

where 5 C A + and V = Ann(Ann(S)). The set of all central annihilators we denote 
by Z(V). Two annihilators V and W in "P are called orthogonal, if V • W = 0, where 
V • W = {vw : v G V, w G IF}. 

Lemma 7. Lei A be a C* -algebra of bounded linear operators on a Hilbert space 
H, Z(P) be the set of all central annihilators of V . Then elements of Z(P) are 
pairwise commute, i.e. X = (X A F) V (X A Y^) for any X , Y G Z(P). 

Proof. Let X, Y G Z(V). We have X AY = X C~\Y, X A Y 1 - = X_C\ 7 1 and 
by lemma 3 X = A n ew(A)e, Y — An fw(A)f, Y 1 - = A n for some 

projections e, / and / in w_(A). Note that Awj(A) C Ann((Xf\Y)U (inF 1 )) and 
the projections e, / and / are central in w(A). Let X -Y = {xy : x E X,y E Y}. 
Then ITclny.ITc efw(A)ef, X n F = A n efw(A)ef. Analogously 
Ifir 1 = 4n efw(A)ef. 

Suppose that Ann(X) ^ Ann((X n F) U (A n F- 1 )). Then there exists a G 
Arm((X n Y) U (A n F- 1 )) such that a ^ Ann(X). Hence there exists x G A + such 
that ax ^ 0. Since Ann(Y U F- 1 ) = {0} then there exists y G Y U Y 1 - such that 
(ax)y ^_0. We have (ax)y(f + f)e = (ax)y. Then (ax)y G (/ + f)ew(A)(f + f)e. But 
a(fe + fe) = 0. Hence a G Ann(A). Therefore Ann(X) = Ann((XnY)U(XnY ± )) 
and since (X n F) U (A n F^) G Z(P) then A" = (A" A F) V (A A F^). > 

Lemma 8. Let A be a C* -algebra of bounded linear operators on a Hilbert space H, 
Z(V) be the set of all central annihilators ofV. Then Z(V) is a complete boolean 
algebra. 

Proof. By lemma 7 elements of Z{V) are pairwise commute. Then as recalled 
above in this paragraph 2 Z(V) is a boolean algebra. 

Let {Vi} C Z(T). Then by corollary 4 for any i there exist such central projections 
ei, fi G P{w(A)), that w(Vi) = e l (w(A)), w(Ann(V t )) = f l {w(A)), where w(S) is a 
weak closure of a set 5 C A in the algebra B{H). Then Vi, Ann(Vi) are closed two 
sided ideals of the algebra A for all indexes i. 
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Let a, v be arbitrary elements of A, C\iAnn{Vi), correspondingly. Then v £ 
Ann{Vi) and the elements av, va belong to Ann(Vi) for all i. Hence the elements 
av, va belong to r\iAnn(Vi) to. Therefore, since r\iAnn(Vi) = Ann(UiVi) then 
r\iAnn(Vi) is a two sided closed ideal of the algebra A. We have w(r\iAnn(Vi)) = 
fw(A)f for some projection / £ w(A). Then by the weak continuity of the multiplication 
the next equation hold 

d (Ann(Ann(V i )))f]d ( -Ann(V l )) = 0. 

Therefore, by corollary 4 Ann(Ann(UiVi)) £ Z(P). At the same time by the proof 

of lemma 5 sup^ Vi — Ann(Ann(UiVi)) . Therefore sup^ V, £ Z(V). 
Analogously inf^ Vi £ Z{V). Then the lattice Z(V) is complete. > 
Let V £ V . By lemma 5 the greatest lower bound c(V) of such central annihilators 

W £ Z(V) that V C W . is also an annihilator. Moreover by lemma 8 c(V) is central. 

The annihilator c(V) we will call a central support of V. 

Lemma 9. Let A be a commutative C* -algebra bounded linear operators on a 
Hilbert space H , w{A) be an ultraweak closure of A in the algebra B(H). Let X be 
the topological space of characters of the algebra A, Y be the topological space of 
characters of the algebra w(A). Let supp(Y), supp(X) be sets of all points of the 
spaces Y and X correspondingly. Then 

(a) supp(X) C supp(Y), 

(b) the set supp(X) of all points of the space X is dense in the topological space 
Y, 

(c) let x £ X and there exists U £ Tx such that x £ U. Then there exists 
U £ Ty such that x £ U , where tx and Ty are the topologies of the spaces 
X and Y. 

Proof, (a) Since any character on A can be uniquely *-weakly extended to a 
character on the algebra w(A), then supp(X) C supp(Y). 

(b) By contradiction. Suppose the set supp(X) is not dense in Y. Let C(X), C(Y) 
be commutative algebras of complex- valued continuous functions on the topological 
spaces X, Y respectively. Then A = C(X), w(A) = C{Y). 

Note, that a(x) — a(x) for any a £ C(X) and x £ X, where a is the image of 
the function a in the algebra C(Y) in point of C(X) C C(Y). Let Y Q is an open set 
of the compact Y such, that Y Q C\ X — 0. We have the set C(Y a ) of all functions 
/ £ C(Y) such that {x £ Y : f(x) ^ 0} C Y Q forms a commutative subalgebra 
of the algebra C(Y). We have C(X) C Annc(y){C(Y )). Let / be an arbitrary 
nonzero element of C(Y ). Then / • C(X) = 0. By the separately weak continuity 
of the algebraic multiplication we have / • w(C(X)) = f ■ C(Y) = 0. Hence / = 0. 
This is a contradiction. Therefore Y a = 0. 

(c) We have every open set in tx defines by elements in A and every open set in 
Ty defines by elements in w{A). Then the statement of item (c) of the lemma hold. 
> 

Lemma 10. Let A be a commutative C* -algebra of bounded linear operators on a 
Hilbert space H, V be the set of annihilators, w(A) be a ultraweak closure of A in 
the algebra B{H). Let Y £ V , wiY) be a weak closure of Y in the algebra w{A), 
X £ V and X be a subset of Y such that the weak closure w(X) of X in w(Y) 
coincides with ew(Y)e for some projection e £ w(Y) with the condition e < 1, i.e. 
w(X) = ew(Y)e. Then Ann Y (X) ^ {0} and Anny (Anny (X)) = X. 
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Proof. Let Q be the topological space of characters of the algebra A. Q be 
the topological space of characters of the algebra w(A). By item (a) of lemma 9 
supp(Q) C supp(Q). By item (b) of lemma 9 the set supp(Q) is dense in Q. 

Note that the sets V = {x G Q : e(x) ^ 0} and W = {x G Q : (1 - e)(x) ^ 0} 
are close-open subsets of the space Q and Q = V U W. Also we have the sets 

Qy = [jfevi 00 e Q '■ f( x ) ^ °}j Qx = {Jfexi x e Q '■ f( x ) ^ °l are °P en sets 
of the topological space Q. Let Cl(Qy) be the closure of Qy in Q and Cl(Qx) be 
the closure of Q x in Q. If Q Y ^ Qx then Cl(Q Y ) ^ Cl(Q x )- Indeed, if Cl(Q Y ) = 
Cl(Qx) then Q \ Cl(Qy) = Q \ Cl(Qx), Q \ CI(Qy) is a nonempty open set in 
Q and AnnA(Y) = AnriA(X) (see the example above). Then Y = X. What is 
imposable. Hence CI(Qy) ^ Cl(Qx) and, hence, Qy ^ Qx- Otherwise also we get 
CI(Qy) = Cl(Qx). 

Then, since Qx C Qy then Qy\Qx is an open set in Q. Therefore AnriY(X) ^ 
{0}. 

Since Q Y — (Qy \ Qx) U Qx we have Ann Y (Anny (X)) = X. > 

Lemma 11. Lei A be a C -algebra of bounded linear operators on a Hilbert space H, 

V be the set of annihilators, w( A) be an ultraweak closure of A in the algebra B(H). 
Let Y G V, w(Y) be a weak closure of Y in the algebra w(A), X G V and X be a 
subset ofY such that the weak closure w(X) of X in w(Y) coincides with ew(Y)e 
for some projection e G w(Y) with the condition e < 1, i.e. w(X) = ew(Y)e. Then 
Ann Y (X) 7^ {0} and Ann Y (Ann Y (X)) = X. 

Proof. Note that X is a C*-algebra. Hence for any maximal commutative subalgebra 
X Q of X we have w(X ) — ew(Y Q )e, where Y a is a maximal commutative subalgebra 
of the algebra Y, containing X a . Hence By lemma 10 AnnY (X ) ^ {0} and 
Ann Yo (Ann Yo (X )) = X Q . Hence Ann Y (X) ^ {0}. 

We have Auuy (Anny,, (X Q )) = X D for any maximal commutative subalgebra X a 
of X and for any maximal commutative subalgebra Y D of the algebra Y, containing 
X a . Then Ann Y [Ann Y (X)) = X. > 

Theorem 12. Let A be a C* -algebra, V be the set of annihilators, defined above. 
Then (V,<) is an orthomodular complete lattice. 

Proof. Let V = (V, <) and ( • ) x : V -> V be a map defined as (X) 1 - = Ann(X), 
for any leP. Then by lemma 10 the map ( • ) _L is an orthocomplementation and 

V is an ortholattice with this operation. 

Now we prove that V is orthomodular. Let X, Y G V, S, Q C A + , X = 
Ann(Ann(S)), Y = Ann(Ann(Q)) and X < Y. Then inf {Ann(Ann(Q)) , Ann(S)} = 
Anny (Ann(Ann(S))) . Indeed, Anny (Ann(Ann(S))) = Ann(Ann(Ann(S)))nAnn(Ann(Q)) = 
Ann(S)r\Ann(Ann(Q)). Then by the proof of item (c) of lemma 10 inf{ Ann(Ann(Q)), Ann(S)} = 
Ann(Ann(Q)) n Ann(S). 

So, l'Vl i = Ann Y (Ann(Ann(S))). Note that since Ann Y (Ann(Ann(S))) = 
Ann(Ann(Ann(S))) n Ann(Ann(Q)) then Ann Y (Ann(Ann(S))) G V . 

Suppose that A C B(H) and the unitary element of B(H) is the unitary element 
of A for some Hilbert space H . Let w(A) be an ultraweak closure of A in B(H). 
and wiY) be a weak closure of Y in w(A). Let e, f be such projections in w(A) 
that X = A n fw(A)f, Y = Af] ew(A)e. Then / < e. If e = / then the assertion 
of the theorem holds. 

Suppose / ^ e. By lemma 11 X e Vy. Therefore Anny (X) = (e - /)(w(F))(e - 
/) ("1 Y and = gw(Y)g for some projection g G Then X V 
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Anny{X) = Y. Hence Y = X V (Y A X x ). Therefore P is an orthomodular lattice. 

> 

Let A be a C*-algebra. An annihilator V G V is called abelian, if V is a 
commutative C*-subalgebra of the algebra A. Let B be a C*-subalgebra of A and 
P B = {FCB: there exists such S C B + that V = Arm B (Ann s (S'))}. 

Lemma 13. Let A be a C* -algebra. Then the next statements hold. 

a) Let V G "P. TTien TV = {VF G "P : W C V^} awe? TV is a complete sublattice 
ofV. 

b) Let V be an abelian annihilator. Then for any W €V, ifWCV, then W is 
an abelian annihilator to. 

Proof. Item a): Let Z G Vy Then Ann(V) C Ann{Z) and Ann{Ann(Z)) C 
Arm(Ann(V)) = V. Since Ann v (Z) C Ann(Z) and Ann(Ann(Z)) = Ann v (Ann(Z)) = 
Ann v (Ann v (Z)) then Ann{Ann(Z)) = Z. Hence ZeP. 

Now, let Z £ V and Z < V. Then by lemmas 3 and 11 we have Z = Anny (Anny (Z)) . 
Hence Z G TV 

Item b) is obvious. > 

An annihilator is called modular, if TV is a modular lattice. Also, the next 
lemma holds, by lemmas 8 and 13. 

Lemma 14. Let A be a C* -algebra. Then the next statements hold. 

(a) Let V be an abelian annihilator of A. Then Vv is a Boolean algebra. 

(b) Any abelian annihilator is modular. 

The results of the given paragraph can be summarized as the next theorem. 

Theorem 15. Let A be a C* -algebra andV be the set of all annihilators of subsets 
of A + . Then 

(a) V is a lattice with the order C, 

(b) the annihilator {0} is zero and A is the unit 1 of the lattice V . 

(c) V is an orthomodular lattice with an orthocomplementation defined as : 
V -> V, (V) 1 - = Ann(V), V G V, 

(d) elements V , W G V are orthogonal as elements of the ortholattice V if 
VoW = {0}. 

(e) the center of the orthomodular lattice V coincides with the set Z(V) of all 
central annihilators of V , 

(f) V is order complete under the order C. 

(g) the center Z(V) of ' V is a complete boolean algebra. 

Remark. The lattice V of annihilators of a von Neumann algebra A is a sublattice 
of the lattice J(A) of weak-* closed inner ideals of the algebra A. The lattice J (A) 
is not orthomodular, but, since it possesses a complementation, such concepts as 
orthogonality and center remain meaningful nevertheless (see [3], [4]). At the same 
time, since V can be identified with the lattice P(A) of all projections of A, V is 
orthomodular. Note that, in the case of anisotropic Jordan ^-triples annihilators in 
V are also inner ideals. In this case elements of V are defined by Jordan multiplication. 
Therefore the results in [3] also hold for annihilators. 

3. C*- ALGEBRAS OF TYPE I 

Now recall the definition of C*-algebra of type I. Let A be a C*-algebra and 7r 
be a representation of A. We say the representation 7r of the algebra A is of type I, 
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if the von Neumann algebra, generated by n(A) is of type I. The C*-algebra A is 
called of type I, if all representations of this algebra are of type I. 

Let H be a complex Hilbert space and £ G H. The closure tt(A)^ is a closed on 
norm vector subspace of the space H, invariant in relation to tt(A). If this subspace 
is H, then £ is called totalitarianizing vector for the representation ir. 

Let A be a C*-algebra bounded linear operators on the Hilbert space H, tt be a 
representation of the algebra A in the Hilbert space H. We say that 7r is irreducible, 
if H ^ and the commutant of n(A) in B(H) is CI. 

A C*-algebra A is called CCR-algebra, if for any irreducible representation ir of 
the C*-algebra A and for any x £ A the operator tt(x) is compact. A C*-algebra A 
is called GCR-algebra, if any nonzero factor-C*-algebra of A has a nonzero closed 
two sided CCR-ideal. It is known that a C*-algebra A is a GCR-algebra if and only 
if A is a C*-algebra of type I by Diximier. (see [1]) 

The theory of lattices of annihilators developed above allows us to introduce the 
next definitions. 

Definition. A C*-algebra A is called C*- algebra of von Neumann type I, if there 
exists such abelian annihilator V'mV that c(V) = A. 

Lemma 16. Let A be a C* -algebra of bounded linear operators on a Hilbert space 
H,Y be a C* -subalgebra of A such that w{Y) = fw{A)f and Y = An fw(A)f for 
some projection f ofw(A), X £ V , Y C X. Suppose that Annx(Y) = {0}. Then 
X = Y. 

Proof. First, suppose that the algebra A is commutative. Let Q be the topological 
space of characters of the algebra A, Q be the topological space of characters of the 
algebra w(A). By item (a) of lemma 9 supp(Q) C supp(Q). By item (b) of lemma 
9 the set supp(Q) is dense in Q. 

We have the sets Q Y = [} feY { x e Q : f( x ) ¥= 0}, Qx = {J fe x{ x e Q : f( x ) ¥= 
0} are open sets of the topological space Q. Let Z = { f E A : {x E Q : f(x) 7^} C 
Qy}- Then by the condition Y — Z. We have Ann A (Ann A (Z)) = Z, i.e. Z £ V. 
Hence Y EV and AnnA(AnnA(Y)) = Y. 

Now, suppose that A is an arbitrary C*-algebra. Note that Y is a C*-algebra. 
By the condition w(Y) = fw{A)f and Y = A n fw(A)f for some projection 
/ of w(A). Hence for any maximal commutative subalgebra Y a of Y we have 
w(Y ) — fw(A a )f, where A Q is a maximal commutative subalgebra of the algebra 
A, containing Y Q . Hence by the previous part of the proof AnnA {AnnA (Y )) = Y a . 
We have AnnA (AnnA (Y )) — Y a , w(Y ) = fw(A a )f, f € w(A ) for any maximal 
commutative subalgebra Y Q of Y and for any maximal commutative subalgebra 
A a of the algebra A, containing Y a . Then AnriA(AnnA(Y)) = Y. Hence Y e V . 
Now we can apply lemma 11 and write Annx(Annx(Y)) = Y. Therefore, since 
Ann x {Y) = {0} then X = Y. > 

Theorem 17. Let A be a GCR-algebra of bounded linear operators on a Hilbert 
space H. Then A is a C* -algebra of von Neumann type I. 

Proof. By lemma 4.4.4 in [TJ there exists a nonzero element x in A such that 
7r(x) = or ir(x) has rank 1 for any representation n of the algebra A in a 
Hilbert space. Then ir(xAx) = tt(x)t:(A)t:(x) and n(xAx) is commutative for any 
representation 7r of the algebra A in a Hilbert space. Therefore xAx is commutative. 
We note, that xAx is a commutative C*-algebra. 
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Let A be a maximal commutative subalgebra of the algebra xAx, then for some 
maximal commutative subalgebra A Q of the weak closure w{xAx) of the algebra 
xAx in the algebra w(A) we have A a C A Q . There exists a hyperstonean compact 
Q such that A„ = C(Q). If we suppose that x G A Ql then there exists a monotone 
increased sequence (x n ) (for example approximative unit of the algebra A a ) such 
that sxvpx n = e. Therefore the weak limit of the sequence (x n ) is a projection 
e, where e is the unit of the algebra w(xAx). Then we have w{xAx) = ew(A)e. 
Therefore by the separately weak continuity of the operation of multiplication we 
have the algebra ew(A)e is commutative. 

We have A<lew(A)e is an abelian C*-algebra. Let X = Ann(Ann(A<~] ew(A)e)). 
Then Annx(An ew(A)e) = {0}. Indeed, otherwise the set Annx(Anew(A)e) does 
not belong to X. This is a contradiction. Hence Annx(A n ew(A)e) — {0}. Then 
by lemma 16 X — A n ew{A)e and X is an abelian C*-algebra. Thus the algebra A 
contains a nonzero abelian annihilator X G V . 

Let {Ei} be a maximal set of abelian annihilators with pearwise orthogonal 
central supports. We should prove that the central support of \^ Ei is A that is 
if c(Ei) is a central support annihilator of Ei for any i, then \J i c{Ei) = ^- If it 
is not true then V; c(-Ej) < ^4 and Ann(\J l c(EA) ^ {0}. Note that Ann(\/ i c(EA) 
is a central annihilator and a C*-algebra. By theorem 4.3.5 in [T] the annihilator 
Ann(\J i c(Ei)) is a GCR-algebra. Hence there exists an abelian annihilator F in 
the algebra Ann(\J i c{Ei)) with a central support Z C Ann(\J , c(Ei)) . This is 
contradicts the maximality of the set {Ei}. Thus \J t Ei — A. Hence A is a C*- 
algebra of type I by von Neumann. > 

Remark. The converse of the statement of theorem 27 is not true. For example, 
let Hi, H2, ... be Hilbert spaces of dimensions 1, 2, ... Then the C*-algebra 



is not a GCR-algebra, but this algebra is a von Neumann algebra of type I. Hence 
this algebra is a C*-algebra of von Neumann type I. Hence the new class of C*- 
algebras of von Neumann type I is wider than the class of C* -algebras of type I 
(that is the class of GCR-algebras, see pQ). 

4. Functional representation of a von Neumann algebra of type I 

Let n be an infinite cardinal number, 5 a set of indexes of cardinality n. Let 
{eij} be a set of matrix units such that is a matrix, whose (i, i)-s component is 
1 and the rest components are zero. Let {mj}j e s be a set of n x n matrices. By 
S^es TO 5 we denote the matrix whose components are sums of the corresponding 
components of the matrices of the set {mj}{ e s. Let 



e 



71=1,2,... 




^ij e ij '■ for any idexes ij Xij G C, 



there exists such number K G Rthat for any n G ./V 



andforany{e k i}ki=i Q {eij}\\ E ^ kieu W - K }> 



kl=l 
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where || || is a matrix norm. Then M„(C) is a von Neumann algebra of infinite nxn 
matrices on C who is defined by its own infinite order decomposition (see [5]). Note 
that M„(C) is a factor of type I„. 

Let X be a huperstonean compact, C(X) the commutative algebra of all complex- 
valued continuous functions on the compact X and 

C(X) ® M„(C) |^\\, : (VijA«(x) G C(X)) 

(3if G i?)(Vm G A0(V{e fe/ }S =1 C { eii })|| £ A w (z)e W || < K], 

kl—1.. .m 

where || Y,M=\...m ^kl(x)e k i\\ < K means (Va: G X)fe/=i...m ^ki{ x o)eu\ < K. 
The set C(X)®M n (C) is an algebra with the order, agreed with pointwise algebraic 
operations. If we define a norm as 

n 

\\a\\ = sup || A fe /(x)efc;||, 

where a € C(X) ® M„(C) and a = X^ije - ^ij( x ) e ij> then CPO ® -Wn(C) is a norm 
closed associative algebra. It can be straightforwardly checked that all axioms of 
the definition of C*-algebra hold. Hence, C(X) <E) M„(C) is a C*-algebra. 

Theorem 18. The C -algebra C(X) (£) M„(C) is a von Neumann algebra of type 

In- 

Proof. The algebra C(X) <S> M n (C) is monotone complete. Indeed, let (x a ) is a 
bounded, monotone increased net of elements of the algebra C(X) £§> M n (C), and 
x a = J2ij£E ^Hj{ x ) e iji f° r an y a - We assert that for all i, j 

sup(A^(x)e il + Xf j (x)e ij + X^ i (x)e jl X^ j (x)e jj ) = 

a 

m(x)eu + \ij(x)e lJ + Xji(x)eji + Xf j (x)e jj , 
for some functions X\\{x), Xij(x), Xji(x), A^(x) in C(X). Since 

© 

C(X)e (v *iC(X)®M 3 (C), 

S,rie{i,j,l} 

then for all i, j and I in S X^(x) = A--(x), Xj l j(x) = X^(x). Hence, there exists a 
set {Xij(x)} C C(X) such that 

sup(A l "(x)e li + Xf j (x)e ij + Xf^xjeji + Xf j (x)e jj ) = 

a 

\i{x)en + Xij(x)eij + Aj$ (ar)eji +A ij (a;) 

for any i and j. Thus X)ye~ Ay (a;)e,j G Cpf) ® M„(C). By the properties of least 
upper bound there exists a set Y dense in X such that 

sup ^ Kii x ) e ki= ^ ^ki( x )ekh (Vz G Y). 

a kl—l...m kl — l...m 

By the definition of the set Y and since Xij(x) G C(X) for any i, j we have 
Ylijes Aij ( x )&ij is an element of the algebra C(X)(g)M n (C). It can be straightforwardly 
checked that sup Q x a = Y^ijes ^ij{ x ) e ij' Hence the C*-algebra C(X) ® M„(C) is 
monotone complete. 
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Now we show a separate set of normal functionals for the algebra C(X)®M n (C). 
Let a be an arbitrary element of the algebra C(X) (g M„(C), and H be such 
hnite dimensional Hilbert subspace of the Hilbert space ^(E), that the inducing 
cl\h of the element a on the Hilbert space H a is nonzero. Then B(H ) is finite 
dimensional and C(X) (g B(H ) is a von Neumann algebra. Let p be a normal 
functional on the algebra C{Q)®B{H ) such that p(a|jj ) 7^ 0. Then the functional 
p can be extended on the algebra C(X) (g M„(C) as follows: let e is the unit of the 
algebra C(Q) <g B(iJ ). Then e(C(Q) <g M„(C))e = C(Q) <g B(i? D ) and for any 
a G C(Q) <g M„(C), /9(a) = p(eae) + 0, that is p((l - e)(C(Q) <g M„(C))(1 - e) © 
e(C(<3)®M„(C))(l-e)©(l-e)(C(<5)®M„(C))e = 0. Then p is a normal functional 
on the algebra C(X) (g M n (C) and p(a) 7^ 0. Since the element a is arbitrarily 
chosen the algebra C(X) <g> M„(C) has a separate set of normal functionals. Thus 
C(X) (g M„(C) is a von Neumann algebra. 

We have M n (C) is a von Neumann algebra of type I„. If _Z is the unit of the 
algebra C(X) and {e^} is a maximal orthogonal set of abelian projections with the 
central support 1 <G M„(C), then the set {1 <g a} is a maximal orthogonal set of 
abelian projections of C(X)®M n (C) with central support 1. Hence C(I)®M„(C) 
is a von Neumann algebra of type I„. > 

By the theory of von Neumann algebras any von Neumann algebra of type I„, 
where n is a cardinal number, is isomorphic to an algebra C(X) <g M„(C) for some 
hyperstonean compact X and some cardinal number n. 

5. C*- ALGEBRAS WITHOUT NONZERO ABELIAN ANNIHILATORS 

A C*-algebra A is called NGCR-algebra, if this algebra does not have nonzero 
two sided CCR-ideals. 

Theorem 19. Let A be a C* -algebra of bounded linear operators on a Hilbert space 
H . Then the algebra A is a NGCR-algebra if and only if the algebra A does not 
have a nonzero abelian annihilator. 

Proof. Suppose that the algebra A is a NGCR-algebra. Suppose that A has a 
nonzero abelian annihilator X . By lemma 3 there exists a projection p € A such 
that w(X) = pw(A)p. By separately weak continuity of the multiplication w(X) is 
commutative. Hence the projection p is abelian. Let a central projection e e w(A) 
is a central support of the projection p. Then the algebra ew(A)e is a von Neumann 
algebra of type I. Then ew(A)e is a direct sum of homogenous von Neuman algebras 
(that is von Neumann algebra of type I TO , where m is a cardinal number). Then by 
paragraph 7 there exist a set {Qf } of huperstonean compacts and a set {H^} of 
Hilbert spaces such that 

© 

ew(A)e*i , Z2(C(Qt)®B(Ht)), 
£ 

where J2f( c (Qz) ® B(H^)) is a direct sum of the algebras C(Q{) <g B{H^). Let 

ew{A)e = Y / {C{Q i )®B{H i )), 
i 



J = {a G ew{A)e : for any Q^, for any y € Q^, a(y) £ KB(H^)}, 
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where KB(H^) is an algebra of all bounded linear compact operators on the Hilbert 
space for any £. Now, let 

I = {a G J : for any y G CL(dom(a)) \ U(dom(a)), a(y) = 0}, 

where dom{a) = {y G U^Q^ : a(y) ^ 0} and C L(dom(a)) is the closure of the set 
dom(a) in U^Q^ and U(dom(a)) is the interior of the set dom{a). Note, that 

/ = {a£ J: U(dom(a)) = dom(a)}. 

Then / is an CCR-ideal of the algebra ew(A)e. If we define L = If] A then L ^ {0}. 
Indeed, by the definition X C pu>( J 4)p C eui^e. Since pw(A)p = ^® (C(<5^)(E)e^)), 
where is an abelian projection of the algebra B(H^) with the central support 
1 £ , who is the unit of the algebra B(H S ), then X = J^f (C(Qf eak ) <g> e ? )), where 
Qweak j g a get Q £ a vj p j n ^ s f the compact Q{ with some topology, which is weaker 
then the topology of the compact . If 

X a = {a£l: /or any y G CL(dom(a)) \ U(dom(a)), a(y) = 0}, 

then X Q C /. Hence X Q C L and i 7^ {0}. By the definition L is a two sided CCR- 
ideal of the algebra A. This contradicts the assumption that A is a NGCR-algebra. 

Suppose that A does not have a nonzero abelian annihilator and there exists a 
two sided CCR-ideal / in A. Then by the arguments of the proof of theorem 17 
there exists an element x G / such that xlx is a commutative C*-algebra. We have 
xAx C I. Therefore xlx — xAx and as in the proof of theorem 17 the C*-algebra 
Ann(Ann(xAx)) is commutative. This is a contradiction of the supposition that A 
does not have a nonzero abelian annihilator. Hence A does not have a two sided 
CCR-ideal. Therefore A is a NGCR-algebra. > 

Let A be a C*-algebra, V be the corresponding lattice of annihilators. V is called 
locally modular, if there exists such modular annihilator V in V that c(V) = A. 
It is clear that in this case if V = A then the lattice V is modular. The lattice V 
is called purely nonmodular, if there does not exist a nonzero modular annihilator 
in V . Recall that two annihilators V and W in V are said to be orthogonal, if 
V ■ W = 0, where V ■ W = {vw :v£V,w£ W}. 

Let {Z^} be an orthogonal set of central annihilators of V ■ Let w(Z^) be a set 
of consequences (ag), where G w(Z^) with the bounded set {||a^||} of the norms 
of the elements a$. ^® w(Z^) is a von Neumann algebra with the componentwise 
algebraic operations and the norm defined by the least upper bound of the norms 
of components a^. 

Theorem 20. Let A be a C* -algebra of bounded linear operators on a Hilbert space 
H, w(B) be a weak closure of a subset B C B(H). Then there exist such unique 
C*~ -subalgebras Aj, A n , A nl of A that 

(a) Aj is a C* -algebra of von Neumann type I, there does not exist a nonzero 
abelian annihilator in the algebras Ajj and Ajjj, the lattice Vau * s locally 
modular, the lattice Va X xx * s purely nonmodular. 

(b) the C* -subalgebras Aj, An, Am belong to Z(V), 

(c) Ai An © An 1 is a C* -subalgebra of A and 

Ann(Ai ffi A H ffi A ln ) = {0}. 

Proof. Let {V^} be a maximal set of annihilators with pearwise orthogonal central 
supports {Z^}, i.e. for any £ the annihilator Z^ is a central support of and 
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Zf: ■ Z v = for such £ and n that £ 7^ n. Let ^ V£ be a set of consequences 
(&{), where G V£ with bounded set {||a^||} of the norms of the elements a^. The 
set ^® is a C*-algebra with componentwise algebraic operations and the norm, 
defined as the least upper bound sup{||a^||} of the norms ||aj|| of the components a^. 
Indeed, the last assertion follows by ^® V£ C ^® where ^® w(V^) is a von 

Neumann algebra. By the separately weak continuity of the multiplication for any £ 
w(V^) is a commutative von Neumann algebra and there exists such p^ £ P(w(A)) 
that w(V{) = p^w(A)) Pi . Let p = sup e p s . Then w ( v z) = T,® Pd w ( A ))PZ ~ 
p(w(A))p and P^w(V^)p^ is commutative. Note that ^® is commutative. It is 
easy to set Ann (Ann (U^)) = X® V£. Hence ^® V£ € T 3 . Also, ^® V£ is abelian 
with the central support A/ = \J ^ Z^ and Ai is a C*-algebra of von Neumann type 

I. Let Z = Ann(Aj). Then Z is a central annihilator. Analogously we can find 
such central annihilator An in the subalgebra Z that Va u is locally modular and 
w(Au)(Bw(Aiii) C w(Z), where A/// = Annz(An), Annz{An) is an annihilator 
of A// in Z. By the definition of An we have Va iu is purely nonmodular. By 
item a) of lemma 13 we have An, Am e ?. It is clear that Aj © An Am is a 
C*-subalgebra of A. We have Ann(Ai © A// © A7/7) = {0}. The uniqueness of the 
subalgebras Aj, An, Am hold by their definitions. > 

Corollary 21. Let A be a C* -algebra of bounded linear operators on a Hilbert space 
H, w(B) be a weak closure of a subset B C B(H). Then there exist such unique 
C* -subalgebras Aj , Anqcr of A that 

(a) the C* -subalgebra Ai is a C* -algebra of von Neumann type I, the C* -subalgebra 
Angcr * s a NGCR-algebra, 

(b) Ai © Angcr * s a C* -subalgebra of A and 

Ann(A I ®A NGC R) = {0}. 
Proof. The corollary follows by theorems 19 and 20. 

Remark. By the theory developed in this article we can also introduce the 
notions of C*-algebra of type II, III as follows: A C*-algebra A is called of type 

II, if there exists such modular annihilator V € V that c(V) = A and there does 
not exist a nonzero abelian annihilator (that is the lattice Va is locally modular). 
A C*- algebra A is called of type III, if there does not exist a nonzero modular 
annihilator (that is the lattice Va is purely nonmodular) (see paragraph 8). 

In the book [1] of Dixmier "C*-algebras and their representations "the notion 
C*-algebra of type I was introduced and considered together with other equivalent 
notions as GCR-algebras of Kaplansky and the notion of Makey. Then such notions 
as representations of types II, III have also been introduced. However the notions 
of C*-algebras of type II and III haven't been introduced and investigated yet. The 
reason for it is that, if C*-algebra has a representations of type II (of type III) then 
this algebra necessarily has a representation of type III (accordingly of type II). 
Therefore it is impossible to introduce the notions of C*-algebras of types II and 
III using representations of types II and III. A NGCR-algebra has representations 
of types II and III, but does not have representations of type I. As for the new 
notions, introduced in the given article, if a C*-algebra is of type II, then in this 
algebra does not exist a nonzero central annihilators, being a C*-algebra of type III 
or of type I. Analogously, if a C*-algebra is of type III, then in this algebra does 
not exist a nonzero central annihilator, being a C*-algebra of type II or of type I. 
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Also, in this case, theorem 20 will be some analog of the classification for C*- 
algebras on types I, II and III. 

6. Classification of simple C*-algebras of type I 

Theorem 22. Let A be a simple C* -algebra of type I of bounded linear operators 
on a Hilbert space H . Then the algebra w(A) is a W* -factor of type I. 

Proof. Let X be an abelian annihilator in V such that c(X) = A. Then by lemma 
3 there exists an abelian projection e such that w(X) = ew(A)e. Let zbea central 
projection in the algebra w(A) such that c(e) = z, i.e. z is a central support of 
e. Then X C zw{A)w. Let I = zw(A) n A. Since zw(A) is an ideal of w{A), i.e. 
zw(A)w(A) C zw(A), then I A C I. Hence L is an ideal of the algebra A. Since A 
is simple then I = A. Hence w(A) = zw(A) and w(A) is of type I. 

Let z be a central projection of the algebra w(A) and z < 1. Then zX or (1 — z)X 
is not equal to {0}. We note that (1 — z)e ^ 0, ze ^ and (1 — z)e, ez G w(X). 

Let Q be the topological space of characters of the algebra X, Q be the topological 
space of characters of the algebra w(X). By lemma 9 supp(Q) C supp(Q) and the 
set supp(Q) is dense in Q. 

We have the sets {g e Q : ze(q) ± 0} and W = {q G Q : (1 - z)e(g) ^ 0} 
are close-open sets of Q and supp(Q) ~ V Li W. Note that V H supp(Q) is dense in 
V and the set W n supp(Q) is dense in VF. Suppose that W does not contain an 
open set of the space Q. Then the set W n supp(Q) does not contain an open set 
of the space Q. In this case V H supp(Q) is dense in Q. Indeed, if V fl supp{Q) is 
not dense in Q then the closure C7(V n supp{Q)) of the set V n supp(Q) in Q is 
not equal to Q, i.e. C7(F n supp(Q)) ^ supp(Q) and supp(Q) \ Cl(V n supp{Q)) is 
an open set in Q, that contains in the set W n supp(Q). This is a contradiction. 

Thus V n supp(Q) is dense in Q. Then every function / in the algebra C{Q) of 
all real-valued continuous functions on the locally compact space Q is an unique 
extension of the function fvnsupp(Q)> defined on the set Vf]supp(Q). Therefore the 
algebra C(Q) can be embedded in C(V) = {/ G C(Q) : {x G Q : f(x) ^ 0} C V}. 
Then since supp(Q) is dense in Q, then every function / in the algebra C(V) has 
an unique continuous extension on Q, that is the algebras C(V) and C(Q) can 
be identified in the sense of V C Q. Hence V is dense in Q. Otherwise the set 
supp(Q) \ Cl(V) is open and nonempty in Q. In this case since V is close-open in 
Q then we have C7(V) = V, W = supp(Q) \ Cl(V) and supp(Q) \ Cl(V) is also 
close-open in Q. Then C{Q) = C(V) C(W) and C(W) 7^ {0}, what contradicts 
the identifiability of the algebras C(V) and C(Q). Thus V is dense in Q. Then 
since V is a close-open set in Q we have V = Q. Hence ze a unitary element of the 
algebra w(X), i.e. ze = e. Then by the previous part of the proof z = 1. 

Now, suppose that W contains an open set U of the space Q. We have the set 
C{U) of all functions / G C(Q) such, that the set x G Q : f{x) ^ belongs to U, is 
a subalgebra of the algebra C(Q). Since U ^ <2> and {/ is a close-open set of Q, then 
the algebra C(U) has a nonzero function. Therefore the set (1 — z)ew(X) n X and, 
hence, the set (1 — z)w(A) n A are not empty. Then the set I a = (1 — z)w(^4) n A 
is an ideal of the algebra A that is I Q A C 7 Q . Hence, since A is simple, then 7 C = A 
and 1 — z = 1. Hence z = 0. 

Then, since the central projection z is chosen arbitrarily, we have w(A) is a 
factor. > 
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Theorem 23. Let A be a simple C* -algebra of bounded linear operators on a Hilbert 
space H. Then A is a CCR-algebra if and only if A is of von Neumann type I. 

Proof. By theorem 17, if A is a CCR-algebra, then A is of von Neumann type I. 

Now, suppose A is of von Neumann type I. Let 7r be a representation of the 
algebra A in the Hilbert space H . Then ir(A) is also a simple C*-algebra. We assert 
that for an abelian annihilator X € V such that c(X) = A we have ir(X) ^ {0}. 
Indeed, by theorem 22 there exists a minimal projection p G A such that X = Cp. 
We have w(p) ^ 0. By theorem 22 since A is simple then A is a CCR-algebra. > 

Let A be a C*-algebra, V a lattice of annihilators of A, n be a cardinal number 
and S be a set of indexes such that |S| = n. We say A is a C*-algebra of type I„, 
if there is a set {PijieH of pairwise orthogonal abelian annihilators with central 
support A e V and supj{Pj}j e n = A. 

Theorem 24. Let A be a simple C* -algebra of von Neumann type I. Then there 
exists a cardinal number n such that A is a C* -algebra of type I n . 

Proof. Let {Pi} be a maximal set of orthogonal abelian annihilators with a set 
of indexes S. It is clear that the lattice V has only central elements {0} and A. By 
theorem 22 w(A) is a W*-factor of type I and {Pi} is an orthogonal set of minimal 
projections of the algebra w(A) (hence of the algebra A). 

We suppose that sup,{Pj}j e H < A. Then Ann(sup i {Pi}i S H) {0}. By theorem 
23 A is a GCR-algebra. Hence the C*-subalgebra Ann(sup i {Pi}i e s) is also a CCR- 
algebra. Hence, by the proof of theorem 17 there exists a nonzero abelian annihilator 
X in the subalgebra Ann^wp^Pi}^^.)- The last statement contradicts maximality 
of the set {Pi}. Therefore supj{Pj}, e E = A. Hence A is a C*-algebra of type I„, 
where n = |S|. > 

Examples. 1. Let A be the closure on the norm of the inductive limit A Q of the 
inductive system 

C -> M 2 (C) -> M 3 (C) -> M 4 (C) -)•..., 

where M n (C) is mapped into the upper left corner of M n+ \(C). Then A is a C*- 
algebra. The algebra A contains the minimal projections of the form en, where 
is a matrix, whose (i, i)-s component is 1 and the rest components are zero. These 
projections form the countable orthogonal set {eu}°^ 1 of minimal projections. We 
have {Cea}^! C Va and c(Ceu) = A for any i. Hence A is a C*-algebra of type 
I No , where K = \{Ce u }°Zi\- 

2. Let H be an infinite dimensional complex Hilbert space. It is known that 
the space fC(H) of all compact bounded linear operators on H is a C*-algebra. 
Moreover it is a CCR-algebra. The algebra JC(H) has a maximal set of minimal 
projections. Every of these minimal projections generates an abelian annihilator, 
which is isomorphic to C. These annihilators form a maximal orthogonal set of 
abelian annihilators in Pyc(ff) with central support JC(H). Hence JC(H) is a C*- 
algebra of type I„, where n = dim(P). 

7. Equivalence relation in C*-algebras 

Let A be a C*-algebra of bounded linear operators on a Hilbert space H. Let 
V, W be annihilators of V . We will write V « W in the algebra A (in the algebra 
w(A)), if there exists such Banach subspace B C A (accordingly B C w(A)) that 
V+ = {bb* :beB} and W+ = {b*b :beB}. 
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Lemma 25. Letp, q be projections of a C* -algebra A of bounded linear operators 
on a Hilbert space H. Then p <~ q in w(A) if and only if pAp w qAq in the algebra 
A. 

Proof. It is obvious that pAp, qAq £ V . Suppose p ~ q. Then there exists 
such x £ A that xx* — p, x*x — q. Also we have px — x, x*p = x* , xq = x, 
qx* = x*, pAp — xAx*, qAq = x* Ax. Let B — {xbx : b £ A}. Then B is a Banach 
space, {bb* : b £ B} = xA + x* and {b*b : b £ B} = x*A + x. Indeed, xAx* is a 
C*-subalgebra and {x6xx*6x* : b £ A} C xA + x*. Let a £ xA + x*. Then there 
exists such y £ xAx* that a = yy* . We have y = xzx* for some element z £ A. 
Also a = xzx*x£*x* = X2:x*pxz*x* = x(zx*)xx* (xz*)x*. Hence xzx*x £ £ and 
xA+x* C {bb* : b £ B}. Therefore pAp « qAq in the algebra A 

Conversely, let pAp « qAq in A by some Banach space B C A Then there exists 
such b £ B that 6*6 = p. Then 66* is a projection and 66* £ qAg. Hence p ^< q. 
Analogously, there exists such d £ B that dd* = q. Then cTg? is a projection and 
rf'de pAp. Hence p >^ q and p ~ q in the algebra w(A). > 

Lemma 26. Lei A be a C* -algebra of bounded linear operators in a Hilbert space 
H, V , W , U £ V, S = pAq fl A, p, q be the units of the subalgebras w(V) and 
w(W) accordingly. Then 

(a) V ~ W in A if and only if {ss* : s £ S} = V + and {s*s : s £ S} = W+, 

(b) if V w W in A then q ~ p in w(A). Conversely, if q ~ p in w{A) then 
V^W in w(A), 

(c) ifVnWandWnUin w(A), then V w [/ m w(A). 

Proof. We prove (a). Let w VL in A. Then there exists such Banach space B 
that {66* : 6 e B} = and {6*6 :kB} = W+. Let's notice, that B C pAq n A 
Hence {66* : 6 e 5} C {ss* : s £ S}, {6*6 : 6 e B} C {s*s : s e 5*}. Since 
{ss* :se5}C pAp n A f , {s*s : s e 5} C qAq n A+, then {ss* : s e 5} = V+ and 
{s*s : s e S} = W+. The converse is obvious. 

(b) Suppose V w W in A We have there exists such Banach subspace B £- A 
that = {66* : 6 g i?} and W+ = {6*6 : 6 g i?}. By item (a) we can regard 
that B = pAq n A We prove that w(B) = pw(A)q. Let (v a ) be an increasing 
approximate identity of the subalgebra V, then a least upper bound of the net (v a ) 
in w(V) is the unit of w(V). Let (wp) be an increasing approximate identity of the 
subalgebra W, then a least upper bound of the net (wp) in w(W) is the unit of 
w(W). Let a £ w(A). Then paq £ pw(A)q. There exists a net (a 7 ) C A such that 
(a 7 ) weak converges to a. We have the net (v a a y wp) is a subset of the set B and 
weak converges to the element paq. Hence paq £ w(B) and since the element a was 
chosen arbitrarily then w(B) = pw(A)q. Then we have w(V)+ — {ss* : s g pw(A)q} 
and w(W) + — {s*s : s e pu>(A)q}, that is w(V) rs ui(VF) in w(A). Then by lemma 
25 q <~ p in w(A). 

The second part of the statement of item (b) is proved as in the proof of lemma 

25. 

(c) Let g be the unitary element of w(U). Then by item (b) of lemma 26 p ~ q ~ 
5. Hence p <~ 5 and by the second part of item (b) of lemma 26 V ~ U in > 

It can be noted that by lemma 26 the relation V « W in w(A), for any V,W £ V 
for a C*-algebra A, is an equivalent relation of elements of the orthomodular lattice 
V. 
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8. Simple C*-algebras without nonzero abelian annihilators 

A projection p of a C*-algebra is said to be finite, if there does not exist 
subprojection q of p, which equivalent to p. A simple C*-algebra is said to be 
finite, if every projection of this algebra is finite. 

It is known that there exists a faithful dimension function on any modular lattice. 
Therefore, if for a given lattice does not exist a faithful dimension function, then 
this lattice is not modular (see [7]). 

Definition. Let A be a C*-algebra, V be the corresponding lattice of annihilators. 
A is called C* - algebra of type II, if V is locally modular. A is called C*- algebra of type 
Hi, if V is modular. A is called C*- algebra of type III, if V is purely nonmodular. 

Theorem 27. A C -algebra of type 11\ is finite. 

Proof. Let A be a C*-algebra of type Hi . Then there exists a faithful dimension 
function D on the modular lattice V . By lemma 26 values of the dimension function 
D on equivalent annihilators coincide. By lemma 25 and the additivity of D all 
projections of the algebra A are finite. Hence A is finite. > 

A simple C*-algebra A is said to be purely infinite if every nonzero hereditary 
subalgebra of A contains an infinite projection. 

Theorem 28. A simple purely infinite C* -algebra is of type III. 

Proof. Let A be a purely infinite C*-algebra. We note that, any subalgebra of 
the form xAx* is hereditary. Hence, by lemmas 2, 25 and 26 for any X £ V there 
does not exist a nonzero faithful dimension function on X. Hence any annihilator 
in V is nonmodular. Hence, A is of type III. > 

Definition. Let A be a C*-algebra, V be the corresponding lattice of annihilators. 
A is called C -algebra of type II,^, if V is locally modular and the annihilator A is 
nonmodular. 

Theorem 29. Let A be a W* -factor of type IIoo- Then A has a proper ideal J such 
that J is a simple C* -algebra of type 11^. 

Proof. We take a maximal chain J "D J-y D ■ • • D J n D J n +i 12 ■ ■ ■ of proper 
ideals of the algebra A, where n is a cardinal number, i.e. if for an arbitrary ideal 
/ for any index n J n D I then / £ { J n }. Then p| n J„ is an ideal and a simple C*- 
algebra. Indeed, we note that f] J n is a C*-subalgebra. Moreover f] n J n is a proper 
ideal of the algebra A. If there exists a proper ideal / of the C*-algebra f~| J n then 
I is also an ideal of the algebra A. Hence / £ {J n }- Therefore / = f] J n and the 
C*-algebra f] n J n is simple. 

We assert that for any projection p of the algebra A there exists an element a £ J 
such that pa = a. Indeed, by the definition pj C J. Hence, pb £ J for any b £ J. 
Then, if pj ^ then there exists an element b £ J such that pb ^ and pb £ J. 
In this case as the element a we take pb, i.e. a — pb. Otherwise, if pj — 0, then 
pA(l — p)J is not a subset of J. This is a contradiction. Thus for any projection p 
of the algebra A there exists an element a £ J such that pa = a. 

Therefore for a finite projection e £ A we have J n eAe 7^ {0}. Hence, J n eAe 
is a nonzero annihilator of J. 

Now we assert that JO eAe is modular. Note that for any projection q £ A there 
exists a positive element a £ J such that qa 7^ 0. Hence, qa £ J and qaq £ J, that 
is qAqC\J 7^ {0}. Moreover the weak closure w(qAqC\J) of the set qAqPi J contains 
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the projection q. Hence, the map : P(A) — > "Pj, defined as 

<J>(q) = gAg n J, for any q £ P(A), 

is an order isomorphism. Indeed, let p and q be various projections of the algebra 
A. We have sup{r(a) : a e pAp n J} = p and sup{r(a) : a € gAg n J} = q. 
If pAp n J = qAq n J then we have p — q. What is a contradiction. Therefore 
pAp fl J ^ qAq n J. Hence the map $ is a one-to-one map. Hence $ is an order 
isomorphism. Also we have the sublattice P(eAe) of projections of the subalgebra 
eAe is modular. Hence VeAenj is a nontrivial modular lattice. Since J is simple 
then the central support annihilator c(eAe n J) is equal to J. At the same time the 
lattice Vj is not modular. Hence J is a simple C*-algebra of type IIoo. > 

Theorem 30. For any simple C* -algebra A one of the next conditions holds: 

(a) A is of type I n> where n is a natural number; 

(b) A is of type I n , where n is an infinite cardinal number; 

(c) A is of type II\ ; 

(d) A is of type 11^; 

(e) A is of type III. 

Proof. The theorem follows by theorems 20, 24 and the definitions of C*-algebras 
of types Hi, Hoc. > 

Remark. Note that in the case of von Neumann algebras the definitions of C*- 
algebras of types I n , where n is a cardinal number, IT, II^ and III are equivalent 
to the definitions of von Neumann algebras of types I„, Hi, 11^ and III. By the 
theory, developed above, there exist simple C*-algebras of types I ra , Hi, II^ and 
III. At the same time there exist only simple von Neumann algebras of types I n , 
with n finite, Hi, and III in the case of von Neumann algebras. Therefore in view 
of the theory, developed in the given article, we cannot similarly divide the (infinite 
dimensional) simple C*-algebras into two types; a finite type resembling the type 
Ill-factors and an infinite type resembling the type III- factors (see |19|). 

Note that, in the work [T7] M.R0rdam have given an example of a simple C*- 
algebra with a finite and an infinite projection. The question "What type is this 
C*-algebra with a finite and an infinite projection of?"is open. 

The approach to the classification problem for C*-algebras described in the given 
article may closely be connected to the Elliott classification conjecture. Indeed, on 
the one hand, theorem 30 is a completion of the theory, developed on the base of the 
Elliott classification conjecture and other methods ( [2J, [8], [S], [TU], [TT], [T2], |13j . 
OH, C9> OH, HI], 03], C§], US)- On the other hand, the further developing the 
theory based on the notions introduced and studied in the given article may allow 
to add new type invariants to the list of the invariants of the Elliott classification 
conjecture and form new classification conjecture based on the Elliott classification 
conjecture. 
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